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Definition
o sets S of n points in R? in general position

e convex k-hole P:

o P is a convex polygon spanned by exactly £ points of
S and no other point of S is contained in P

e OCH(S) ... boundary of the convex hull CH(S) of S

o Id(x) = % ... binary logarithm or logarithmus dualis
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Introduction

e classical existence question by Erdos:

o What is the smallest integer h(k) such that any set
of h(k) points in R? contains at least one convex
k-hole?

e Answers:
o k=4: E. Klein: h(4) =5
o k =5: H. Harborth: h(5) = 10
o k=6: T. Gerken and C. Nicolds: h(6) = finite

o k=17: J. Horton: d arbitrary large sets without
convex 7-holes
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Introduction

e generalization of Erdos’ question:

o What is the least number hi(n) of convex k-holes
determined by any set of n points in R??

o hi(n) = |I§|11:I}n {hr(S)}; we consider 3 <k <5
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Introduction

e generalization of Erdos’ question:

o What is the least number hi(n) of convex k-holes
determined by any set of n points in R??

o hi(n) |I§’|11:I}n {hr(S)}; we consider 3 <k <5

o hs(n) > 2 — O(1) [Valtr

o h3(n) >n?— 2% + 23 [Garcia]

o hy(n) > ”72 — 4 _ 2 [Garcia]
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Introduction

e generalization of Erdos’ question:

o What is the least number hi(n) of convex k-holes
determined by any set of n points in R??

o hi(n) |I§’|11:I1L {hr(S)}; we consider 3 <k <5

o hs(n) > 2 — O(1) [Valtr] — hs(n) > 22 — o(n)

o h3(n) >n?— 2% + 23 [Garcia]

8
— h3(n) Z nQ L 3%?7, 1 272
o hy(n) > ”72 — 4 _ 2 [Garcia]
— hy(n) > % — 22— o(p)
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Convex 5-holes

e Bdrdny and Valtr, 2004: hs(n) < 1.0207n? + o(n?)

e Valtr, 2012: hs(n) > § — O(1)—|hs(n) > Sn — o(n)
e for small n:

n <9(10(11|12| 13| 14 | 15| 16 | 17
hs(n)|l O |[1]|[2]/[3]3.14]|3.16]|3.19]|>3|>3
A /TS\ [}

Harborth, 1978
/_w>3|<3

Dehnhardt, 1987

]
Aichholzer, H., and Vogtenhuber, 2012
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e Bdrdny and Valtr, 2004: hs(n) < 1.0207n? + o(n?)

e Valtr, 2012: hs(n) > § — O(1)—|hs(n) > Sn — o(n)
o for small n:

n |I<9(10/11}12| 13 | 14 | 15 | 16 | 17
hs(n)|l O (| 1]]|2][|3] 3.14]3.16)[3.19/>3|>3
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 22=212  convex 5-holes.

7
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 22=212  convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole
hs(S) = 1+hs(S\{p}) = 1+hs(n—1)
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 2/2: Vp € (SNOCH(S)): pis not a vertex of a convex 5-hole
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 2/2: Vp € (SNOCH(S)): pis not a vertex of a convex 5-hole
(m—1) pairs
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 2/2: Vp € (SNOCH(S)): pis not a vertex of a convex 5-hole
(m—1) pairs n=1+7+4+7(m—1)+t+4

5 “ hs(S) = ?
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1, 2, 3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m 4t = 32=27+4t  convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 2/2: Vp € (SNOCH(S)): pis not a vertex of a convex 5-hole

(m—1) pairs n=1+7+4+7(m—1)+t+4
hs(S) = ?
> 3
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1, 2, 3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 22=212  convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 2/2: Vp € (SNOCH(S)): pis not a vertex of a convex 5-hole
(m—1) pairs n=1+7+4+7(m—1)+t+4

hs(S) = 7
>3+ 3(m—1)
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1, 2, 3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m 4t = 32=27+4t  convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 2/2: Vp € (SNOCH(S)): pis not a vertex of a convex 5-hole
(m—1) pairs n=1+7+4+7(m—1)+t+4

hs(S) =7
>3+3(m—1)+1t
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in

the plane in general position contains at least

hs(n) > 3m + ¢ = 22=2M2L convex 5-holes.

em=1,t=1:.n=7-14+9+1=17; ...

| 24| 25(26..30| 31 | 32 |33..37| 38
>7|>8| >9 |>10|>11| >12 |>13
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hs(n): Improvement for large n
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hs(n): Improvement for large n

|SL| = [%—I and |SR| — L%J
O o o c... # convex 5-holes intersected by /:
° ¢ hs(S) = hs(St) + hs(Sr) + ¢
° o @ Tl
°
o © °
° °
°
o ® °
o °
° ° ® ®
° « °
° o .
° °
SL 14 SR
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hs(n): Improvement for large n

Sc|=1[%5] and |[Sr| = [ 5]

c... # convex 5-holes intersected by /:

§1=12, |9 NS =8, | NSk =4

St ¢ Sgr°
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hs(n): Improvement for large n
|Sel =151 and [Sk| = |5]

c... # convex 5-holes intersected by /:

$7=12, |9 NS, =8, 1S NSal =4
018" N S| = 4

ST, ¢ Sgp°
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hs(n): Improvement for large n

Sc|=1[%5] and |[Sr| = [ 5]

c... # convex 5-holes intersected by /:

$7=12, |9 NS, =8, 1S NSal =4
018" N S| = 4

at least 3 convex 5-holes in S’
e either, at least one intersects ¢/ — ¢y,
e or, all convex 5-holes are completely

in SN Sy,

® o °
o P o
¢ o
ST, ¢ Srgr
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hs(n): Improvement for large n

Sc|=1[%5] and |[Sr| = [ 5]

c... # convex 5-holes intersected by /:

$7=12, |9 NS, =8, 1S NSal =4
018" N S| = 4

at least 3 convex 5-holes in S’
e either, at least one intersects ¢/ — ¢y,
e or, all convex 5-holes are completely

in SN Sy,

() >3- (|5 (131~ 8er)] ~ 1)

o
[ P o
®
St ¢ Sgr
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hs(n): Improvement for large n

Sc|=1[%5] and |[Sr| = [ 5]

c... # convex 5-holes intersected by /:

S/ =12, 1S A SL[ =8, 15 N Sr| = 4
0¢8N S| = 4

at least 3 convex 5-holes in S’
e either, at least one intersects ¢/ — ¢y,

e or, all convex 5-holes are completely
in S NSt

o
[ P o T
®
St ¢ Sgr
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Sc|=1[%5] and |[Sr| = [ 5]

c... # convex 5-holes intersected by /:

S/ =12, 1S A SL[ =8, 15 N Sr| = 4
0¢8N S| = 4

at least 3 convex 5-holes in S’
e either, at least one intersects ¢/ — ¢y,

e or, all convex 5-holes are completely
in S NSt

o
[ P o T
®
St ¢ Sgr
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hs(n): Improvement for large n

Sc|=1[%5] and |[Sr| = [ 5]

c... # convex 5-holes intersected by /:

S/ =12, 1S A SL[ =8, 15 N Sr| = 4
0¢8N S| = 4

at least 3 convex 5-holes in S’
e either, at least one intersects ¢/ — ¢y,

e or, all convex 5-holes are completely
in S NSt

n cr +c
hs(S) > 2 —11. e1er — 21
hs(8) 2 2 hs([751]) + 455
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hs(n): Improvement for large n

ST, ¢ Sgp°
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hs(n): Improvement for large n
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hs(n): Improvement for large n
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hs(n): Improvement for large n

Every set S of n > 12 points in the plane
In general position contains at least

h5(n)>3—”—nld6 + 2 =32 _9(n)

convex b-holes.
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Empty triangles and convex 4-holes

o Bardny and Valtr, 2004: h3(n) < 1.6196n? + o(n?)
ha(n) < 1.9396n2 + o(n?)

o Garcia, 2012: h3(S) =n? —dn+ H + 4+ hyj5(S)

2

ha(S) =% — B0+ H + 3+ hy5(S)

H=|SNoCH(S)|
hsi5(S) ... # of empty triangles generated by convex 5-holes

hai5(S) ... # of convex 4-holes generated by convex 5-holes
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e Set S of n points in general position in the plane

e and an arbitrary but fixed sort order on S (e.g.: along a line,
around an extremal point)

top vertex top vertex
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Multiple generation

Let A (<) be an empty triangle (a convex 4-hole) of S.

If A (<) is generated by at least two different
convex 5-holes of S, then there exists at least
one convex 6-hole of S, containing A ().

top vertex
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_ h3\5(5<3) and h4|5(SC>>

Let © be a convex 6-hole of S, and S =5 NO.

h3i5(S0) =4 and hy5(So) =9

Recall: h5(10) =1, hs(11) = 2, and h5(12) =

3
h3|5(10) — 1 h3|5(11) — 2 and h3|5( ) 3
h4|5(10) = 2, h4|5(11) =4, and h4|5( ) 0
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h3|5(n) and h4|5(n) for small n

Recall: if m > 0 is a natural number and ¢t € {1,2, 3}, then:

Everyset Sof n=7-m+9+4+1¢ points in

the plane in general position contains at least

hs(n) > 3m +t = 2=24 convex 5-holes.

Case 2/2:

(m—1) pairs
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h3(n) improvement

If m > 0 is a natural number and ¢ € {1,2,3}, then:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position:
h3|5(n) > 3m +t = 3n—2744t

7

h4|5(n) > 2 - (3m + t) — 9. 3n—277_|_4t
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h3(n) improvement

If m > 0 is a natural number and ¢ € {1,2,3}, then:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position:
h3|5(n) > 3m +t = 3n—2744t

hajs(n) > 2+ (3m + t) 7

— 9. 3n—27+4t
- 7

Every set S of n > 12 points (H extremal)
in the plane in general position:

hg(S) Zn2—5n_|_Hj| 4 [Sn—27"‘

7
hg(’n) > ,n2 _ B%TL Jl 272
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Recall hs(n) for large n

Sl =151 and [Skr| = | 5]

S| =12, 18" NSL| =8, |S"NSg| =4

o (¢, |S"NSL| =4 _

""" hs(S) 28 = has(8) 26

e if one convex 5-hole intersects ¢,
then at least one “generated”
convex 4-hole intersects ¢

e if all convex 5-holes are completely
in "N S, then all “generated”
convex 4-holes are completely In

® ®
. . “ S’ NSy,
¢ o
ST, ¢ Sr
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Recall hs(n) for large n

Sl =151 and [Skr| = | 5]

S| =12, 18" NSL| =8, | NSg| =4

e 1s"nsSel =4

TS E 8 S haa(E) 56

e if one convex 5-hole intersects ¢,
then at least one “generated”
convex 4-hole intersects ¢

e if all convex 5-holes are completely
in "N S, then all “generated”
convex 4-holes are completely In

o « °®
o S'N S
o . _
o ! in the latter case count only 5
St ¢ Sp® " generated” convex 4-holes for S”
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h4(n) improvement

Every set S of n > 12 points (H extremal)
in the plane in general position:
h4<s>_%2—%—% Y H g
ha(n) > 2 — 22 _ 12641 n0-926 4 199
n2 In
ZT—Z—WU
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Conclusion

o Convex 5-holes
10]11[12|13..16| 17 | 18 |19..23| 24 | 25 |26..30
1{2|3] >3 |>4|>5] =6 [>7|>8] >9

h5 (n)
o hs(n) = —o(n)

O
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Conclusion

e Convex 5-holes
n |/10]11[12]13..16| 17 | 18 |19..23| 24 | 25 [26..30
hs(n)|| 1] 2|3] >3 |>4[>5] >6 |>7|>8| >9
o hs(n) > 22 —o(n)
e empty triangles and convex 4-holes
o hs(n) > n2 — 32n 4 22

O

7 7
© ha(n) = %5 = 5 — o(n)
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Conclusion

o Convex 5-holes
n |/10]11[12]13..16| 17 | 18 |19..23| 24 | 25 [26..30
hs(n)|| 12 ]3] >3 |>4[>5] >6 |>7|>8| >9
o hs(n) > 22 —o(n)
e empty triangles and convex 4-holes
5 hg(n) > n2 — 32n | 22

O

7 7
o ha(n) > 2 — 22 — o(n)

e Open questions / future work
i hs(n): super-linear, maybe even quadratic lower bound 7

j de>1, ha(n) >c-n® —o(n?) ?
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Thank you for your attention!
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 22=212  convex 5-holes.

7
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 22=212  convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole
hs(S) = 1+hs(S\{p}) = 1+hs(n—1)
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole
hs(S) = 1+hs(S\{p}) = 1+hs(n—1)

fort ={2,3} - t—1=1{1,2}
e 14+hs(n—1)>1+3m+t—1 o R
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole
hs(S) = 1+hs(S\{p}) = 1+hs(n—1)

n—1="™m+9+1t—-1
for t =1 — t—1 = 0/\
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole
hs(S) = 1+hs(S\{p}) = 1+hs(n—1)

t=1:n—-1=Tm+9+t—-1=Tm+9=7m—-1)+94+7
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole
hs(S) = 1+hs(S\{p}) = 1+hs(n—1) > 1+hs(n—>5)

t=1:n—-1=Tm+9+t—-1=Tm+9=7m—-1)+94+7

. Thomas Hackl: 24t" Canadian Conference on Computational Geometry, August gth _ 10th, 2012 23-7




l I I F Institute for Software Technology ﬁTU
Graz University of Technology Grazm

P 23629-N18

hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.
Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole
hs(S) = 1+hs(S\{p}) = 1+hs(n—1) > 1+hs(n—>5)

t=1:n—-1=Tm+9+t—-1=Tm+9=7m—-1)+94+7
n—5=7(m—1)+9+3
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in
the plane in general position contains at least
hs(n) > 3m +t = 32=21+4 convex 5-holes.

7

Base case, m=0: h5(10) =1, h5(11) = 2, and h5(12) = 3.

Case 1/2: dp € (SN O CH(S)), p vertex of a convex 5-hole

hs(S) > 14+hs(S\{p}) > 1+hs(n—1) > 1+hs(n—>5)

t=1:n—-1=Tm+9+t—-1=Tm+9=7m—-1)+94+7
n—5=7(m—1)+9+3

e 14+ hs(n—5) > 14+ 3(m—1)+3=3m + 1
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hs(n): Improvement for small n

Let m > 0 be a natural number and t € {1,2,3}:

Everyset Sof n=7-m+9+4+1¢ points in

the plane in general position contains at least

hs(n) > 3m + ¢ = 22=2M2L convex 5-holes.

Corollary forn =7-14+ 9+ 1 = 17 points:

Every set S of n =17 points in the
plane in general position contains at
least hs5(n) >4 convex 5-holes.
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Multiple generation

Let A (<) be an empty triangle (a convex 4-hole) of S.

If A (<) is generated by at least two different
convex 5-holes of S, then there exists at least
one convex 6-hole of S, containing A ().
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_ h3\5(5<3) and h4|5(SC>)

Let © be a convex 6-hole of S, and S = SN O.

h3|5(5<:>) =4 and ]’L4|5(SO) =9
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_ h3\5(5<3) and h4|5(SC>>

Let © be a convex 6-hole of S, and S =5 NO.

h3i5(S0) =4 and hy5(So) =9

n =6 and H = 6:
h3(So) =n® —5n+ H + 4 + hy5(So) = 16 + h35(So) and

2

ha(So) = 5 — 77” + H 4+ 3+ hy5(So) = 6 + hy5(So)

Thomas Hackl: 24t" Canadian Conference on Computational Geometry, August gth _ 10th, 2012 26-2




l I I F Institute for Software Technology ﬁTU
Graz University of Technology Grazm

_ h3\5(5<3) and h4|5(SC>>

Let © be a convex 6-hole of S, and S =5 NO.
h3|5(SC>) =4 and h4|5(SO) =Y

n =6 and H = 6:
h3(So) =n® —5n+ H + 4 + hy5(So) = 16 + h3;5(So) and

2

ha(So) = 5 — 77” + H 4+ 3+ hy5(So) = 6 + hy5(So)
For S in convex position: hi(S) = (7), thus
hs15(So) = (3) =16 =4 and hy5(So) = () —6=9

4
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_ h3\5(5<3) and h4|5(SC>>

Let © be a convex 6-hole of S, and S =5 NO.

h3i5(S0) =4 and hy5(So) =9

Recall: h5(10) — 1, h5(11) — 2, and h5(12) —

3
h3|5(10) = 1 h3|5(11) — 2 and ]’L3|5( ) 3
h4|5(10) = 2, h4|5(11) =4, and h4|5( ) 6
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h3|5(n) and h4|5(n) for small n
Case 1/2:

D — top vertex
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haj5(n) and hys(n) for small n
Case 1/2:

P = top vertex
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h3‘5(n) and h4|5(n) for small n
Case 2/2:
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haj5(n) and hys(n) for small n
Case 2/2:
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